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Abstract

Purpose: Objectives of this work are 1) to derive a general clinically relevant
approach to model tumor control probability (TCP) for spatially variable risk
of failure and 2) to demonstrate its applicability by estimating TCP for pa-
tients planned for photon and proton irradiation.
Methods: The approach divides the target volume into sub-volumes ac-
cording to retrospectively observed spatial failure patterns. The product
of all sub-volume TCPi values reproduces the observed TCP for the total
tumor. The derived formalism provides for each target sub-volume i the tu-
mor control dose (D50,i) and slope (γ50,i) parameters at 50% TCPi. For a
simultaneous integrated boost (SIB) prescription for 45 advanced head and
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neck cancer patients, TCP values for photon and proton irradiation were
calculated and compared. The target volume was divided into gross tumor
volume (GTV), surrounding clinical target volume (CTV), and elective CTV
(CTVE). The risk of a local failure in each of these sub-volumes was taken
from the literature.
Results: Convenient expressions for D50,i and γ50,i were provided for the
Poisson and the logistic model. Comparable TCP estimates were obtained
for photon and proton plans of the 45 patients using the sub-volume model,
despite notably higher dose levels (on average +4.9%) in the low-risk CTVE
for photon irradiation. In contrast, assuming a homogeneous dose response
in the entire target volume resulted in TCP estimates contradicting clinical
experience (the highest failure rate in the low-risk CTVE) and differing sub-
stantially between photon and proton irradiation.
Conclusions: The presented method is of practical value for three rea-
sons: It a) is based on empirical clinical outcome data; b) can be applied to
non-uniform dose prescriptions as well as different tumor entities and dose-
response models; and c) is provided in a convenient compact form. The
approach may be utilized to target spatial patterns of local failures observed
in patient cohorts by prescribing different doses to different target regions.
Its predictive power depends on the uncertainty of the employed established
TCP parameters D50 and γ50 and to a smaller extent on that of the clinically
observed pattern of failure risk.

Zusammenfassung

Ziel: Ziele dieser Arbeit sind 1) einen allgemeinen klinisch relevanten Anza-
stz zur Modellierung der Tumorkontrollwahrscheinlichkeit (TCP) für räumlich
variables Rezidivrisiko herzuleiten und 2) dessen Anwendbarkeit zu demon-
strieren durch Abschätzen der TCP für Patienten, die für Photonen- und
Protonentherapie geplant wurden.
Material und Methoden: Der Ansatz teilt das Zielvolumen auf in Teilvo-
lumina entsprechend retrospektiv beobachteter räumlicher Rezidivverteilun-
gen. Das Produkt aller Teilvolumen TCPi Werte reproduziert den beobachteten
TCP für den Gesamttumor. Der hergeleitete Formalismus stellt für jedes
Teilvolumen i den Tumorkontrolldosis- (D50,i) und Anstiegparameter (γ50,i)
bei 50% TCPi zur Verfügung. Für eine simultane integrierte Boost (SIB) Ver-
schreibung wurden bei 45 fortgeschrittenen Kopf-Hals-Tumor-Patienten TCP
Werte für Photonen- und Protonenbestrahlung berechnet und verglichen.
Das Zielvolumen wurde jeweils in Grosstumorvolumen (GTV), umgebenes
klinisches Zielvolumen (CTV) und elektives CTV (CTVE) eingeteilt. Das
Risiko für Rezidive in jedem dieser Teilvolumina wurde der Literatur ent-
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nommen.
Ergebnisse: Handliche mathematische Ausdrücke für D50,i und γ50,i wur-
den für das Poisson und das logistische TCP Modell hergeleitet. Vergle-
ichbare TCP Werte wurden für Photonen- und Protonenpläne der 45 Pa-
tienten unter Benutzung des Teilvolumen-Modells abgeschätzt, trotz höherer
Dosiswerte (durchschnittlich +4.9%) in dem niedrig-Risko CTVE für Pho-
tonenbestrahlung. Im Gegensatz dazu resultierte die Annahme einer ho-
mogenen Dosiswirkung im gesamten Zielvolumen in TCP Werten, welche
der klinischen Erfahrung deutlich widersprechen (die höchste Rezidivrate im
niedrigrisiko CTVE) und welche sich substanziell zwischen Photonen und
Protonenbestrahlung unterscheiden.
Schlussfolgerung: Die präsentierte Methode ist aus dreierlei Gründen zweck-
dienlich: Sie a) basiert auf empirischen klinischen Outcome-Daten, b) kann
sowohl bei inhomogenen Dosisverschreibungen als auch verschiedenen Tu-
morentitäten und Dosis-Wirkungs-Beziehungen angewendet werden und c)
besitzt eine komfortable kompakte Form. Der Ansatz kann dafür einge-
setzt werden, zuvor in Patientenkohorten beobachtete räumliche Muster von
Lokalrezidiven gezielt mit einer Umverteilung der verschriebenen Dosis zu
behandeln. Die Vorhersagekraft hängt maßgeblich von den Unsicherheiten
der verwendeten etablierten TCP Parameter D50 und γ50 ab und zu einem
kleineren Ausmaß vom klinisch beobachteten Muster des Rezidivrisikos.

Keywords:
radiotherapy, dose-response modeling, TCP, inhomogeneous dose, head and
neck cancer, proton therapy

1. Introduction

In radiotherapy, clinical dose response data have been accumulated for
about a century to relate radiation dose with tumor response [1, 2]. In-
creasingly, the ability to shape the dose distribution has made it possible
to irradiate tumors with homogeneous and well-controlled doses. Together
with data on clinical outcome, tumor control probability (TCP) models and
parameters could be established for different tumor entities [2–10]. Among
these, both, empirical and mechanistic TCP models are available. The latter
are based on tumor-cell radiobiology, which can handle tumors of different
volumes, non-uniform dose distributions, and heterogeneous radiosensitiv-
ities. However, a remaining challenge is to obtain realistic numbers that
parametrize the biological inhomogeneity in such TCP models from clinical
data.

With advancing imaging techniques it became possible to study the spa-
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tial distribution, i.e., pattern of treatment failures within patient cohorts,
in detail based on follow-up scans [11]. It turned out that local failures
are commonly non-uniformly distributed in the target volume [12, 13]. In
such a case one would observe, e.g., more failures in areas associated with
the pre-treatment gross tumor volume than in the surrounding clinical target
volume or a decreasing probability for recurrences with increasing distance to
the center of the tumor volume. Regarding head and neck treatments, most
failures were consistently found in-field [14–17]. The observed non-uniform
distribution of treatment failures probably results from a spatial variation in
e.g. the oxygenation level or clonogen cell density in the tumor [10]. Treat-
ment strategies have been proposed that increase the dose in regions that
are considered to be of high-risk for treatment failure and some that even
decrease the dose in low-risk areas [18–21].

In general, the causes of failures and their spatial distribution are not
known prior to treatment. Functional imaging is one approach to estimate
the (spatial) variability of the radiosensitivity within a tumor [13, 22]. It
requires, however, an understanding of the underlying biological mechanisms
to prospectively identify high-risk regions in a tumor (e.g., hypoxia) for in-
dividual patients [23]. Alternatively, spatial patterns of local recurrences
observed in large patient populations can be analyzed – as was recently done
for head and neck cancer [11, 12] – to estimate the spatially inhomogeneous
risk of failure. These risk patterns are representative for a patient cohort
instead of an individual patient. Such a data-driven approach is clearly em-
pirical. In principle, it does not require knowledge of the underlying cause
for an inhomogeneous risk of failure in the tumor but instead a pattern of
failure map for a patient population. For those tumor sites, for which reliable
failure maps become available, the dose prescription could be adapted with
the goal to reduce the expected overall failure risk of a population.

The purpose of this work is to provide a framework for TCP modeling
that incorporates the spatially inhomogeneous risk of failure within target
volumes. It is based exclusively on clinical, i.e., empirical outcome data.
First, we derive a convenient and compact approach to estimate the quanti-
tative impact of the spatially inhomogeneous failure pattern on TCP. Subse-
quently, we demonstrate how to apply our approach based on a given failure
map by estimating TCP for 45 head and neck cancer patients included in a
treatment planning study, which dosimetrically compares photon and proton
irradiation – in both cases prescribed with a simultaneous integrated boost
(SIB).
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2. Materials and Methods

Two frequently employed TCP models are the Poisson and the logis-
tic model [10]. They both show a sigmoidal dose response and can be
parametrized by D50, the dose that yields a TCP of 50%, and γ50, the normal-
ized steepness of the TCP curve at the dose D50. These TCP parameters are
available in the literature for several tumor entities and endpoints [2, 9, 10].

2.1. Local failure driven sub-volume TCP model

We derive a failure pattern-driven TCP model that considers the target
volume to consist of N sub-volumes, each of which may exhibit a different
dose response characteristic. As input, the approach uses first, standard
TCP parameters D50 and γ50, which reproduce the overall probability for a
treatment failure in a population, and second, observed spatial patterns of
such treatment failures in the target volume. The derived approach results
in N separate TCP curves – one for each target sub-volume i – labeled as
TCPi. Each of the TCPi is specified by the parameter pair (D50,i, γ50,i),
which is expressed in a compact analytical form. Evaluating TCPi at the
dose level Di in sub-volume i yields the tumor control probability of that
sub-volume. The product of all TCPi values yields the total TCP. Figure 1
schematically summarizes how the approach estimates the TCP for a patient
given a spatially inhomogeneous risk of failure as well as dose distribution.

The target volume may be divided into N sub-volumes such that for each
target sub-volume i the relative proportion of failures,

fi(Dh) =
ni(Dh)

n(Dh)
, (1)

is known, e.g., from a clinical study with the prescribed homogeneous dose
Dh. The ni and n are the number of failures that were observed in sub-
volume i and in the entire target volume, respectively, in the study cohort.
Note, all N target sub-volumes are disjoint, i.e., they do not overlap with
each other and the sum of all sub-volumes equals the total target volume.
Accordingly, the fi of all sub-volumes sum up to unity. We denote the total
TCP for the entire target volume for the (homogenous) dose Dh – for which
all fi are known – by

tcp = TCP(Dh;D50, γ50) . (2)

For a uniform dose Dh in the entire target volume, we require the product of
all sub-volume TCPi to fulfill the following two conditions

tcp =
N∏
i=1

TCPi(Dh) , (3)
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Figure 1: Schematic drawing of the target sub-volume tumor control probability (TCP)
approach. Left column: Empirical data on (a) total TCP and (b) spatial failure pattern
are used with the (c) derived model expressions to determine (d) a dose-response curve for
each sub-volume. Right column: (e) disjoint target sub-volumes and (f) according dose
distributions for a patient. Central column: for each sub-volume i a (g) TCPi estimate
(e.g., TCPGTV) results from applying the corresponding (d) sub-volume TCP curve and
(f) dose distribution. The product of all sub-volume TCPi values yields the TCP of a
patient.

d

dD
TCP(D)

∣∣∣∣∣
Dh

=
d

dD

(
N∏
i=1

TCPi(D)

)∣∣∣∣∣
Dh

, (4)

i.e., the value and the slope of the product to be the same as for the total
TCP at Dh.

Additionally, we introduce two assumptions that allow for deriving closed
analytical expressions for the model parameters γ50,i and D50,i. First, we use

TCPi(Dh) = tcpfi , (5)

to relate the proportion of failures fi and the total TCP for a homogeneous
target dose Dh with the sub-volume TCPi. It automatically fulfills the condi-
tion in Eq. (3). Second, we assume the slopes at 50% TCPi in all sub-volumes
to be equal,

γ50,i
D50,i

=
γ50,j
D50,j

= C ∀i,j , (6)

with C being a constant. In the following subsections 2.1.1 and 2.1.2, we
provide convenient analytical expressions for D50,i and γ50,i for two common
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TCP models, the Poisson and the logistic model. A detailed derivation can
be found in the Appendix.

2.1.1. Poisson TCP model

The Poissonian form of the single hit TCP model for cell damage can be
written as,

TCP(D) = exp [− exp {ln(Nc)− αD}] , (7)

with Nc and α being the number of clonogen cells and the cell radiosensitivity,
respectively. However, for clinical situations, the exact values for α and Nc

are usually not available. Also, each patient has a distribution of tumor cells
with different α values. For larger numbers of cells (Poissonian limit) of the
same radiosensitivity these two parameters can be mathematically related to
the parameters D50 and γ50 (as shown in [7] and references therein):

ln(Nc) =
2

ln(2)
γ50 + ln [ln(2)] , (8)

α =
2

ln(2)

γ50
D50

. (9)

Inserting Eqs. (8) and (9) into (7) yields the TCP expression,

TCP(D) = exp

[
ln
(

1

2

)
exp

{
2γ50
ln(2)

(
1− D

D50

)}]
, (10)

which is parametrized by the clinically accessible parameters γ50 and D50.
Note that these TCP expressions do not explicitly consider the response to
different fraction sizes. Different fraction sizes could be handled by using
fraction size corrected D values.

In order to fully describe

TCPi(D) = exp

[
ln
(

1

2

)
exp

{
2γ50,i
ln(2)

(
1− D

D50,i

)}]
. (11)

in each of the N sub-volumes we have to determine all 2N sub-volume model
parameters γ50,i and D50,i. Using the conditions and assumptions in Eqs.
(3)-(6) we arrive at the description of the sub-volume parameters,

D50,i = D50 Pi , (12)

γ50,i = γ50 Pi , (13)

with

Pi = 1 +
ln(2)

2γ50
ln(fi) , (14)

as explicitly shown in Appendix A. Note that in the case of the Poisson model
the ratio γ50,i/D50,i is for each of the N sub-volumes equal to γ50/D50 and
therefore independent of the values of Dh as well as tcp.
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2.1.2. Logistic TCP model

The phenomenological logistic TCP model is given by

TCP(D) =
1

1 + exp
{

4γ50
(
1− D

D50

)} . (15)

As before, we use the conditions and assumptions in Eqs. (3)-(6) to obtain
for each of the N sub-volumes the model parameters in

TCPi(D) =
1

1 + exp
{

4γ50,i
(
1− D

D50,i

)} . (16)

They are derived as

γ50,i = B (Dh + Li) , (17)

D50,i = Dh + Li , (18)

with the quantities B = γ50,i/D50,i and Li defined as,

B =
γ50
D50

1− tcp
N −∑N

j=1 tcp
fj
, (19)

Li =
1

4B
ln(tcp−fi − 1) , (20)

as explicitly shown in Appendix B. Note that, in contrast to the Poisson
model, the parameters γ50,i and D50,i of the logistic model depend on the
number of sub-volumes N as well as the dose level Dh (at which the fi were
determined) and the corresponding total TCP value, tcp.

2.2. Patient characteristics and dose planning

We applied the presented TCP modeling approach to 45 advanced stage
head and neck cancer patients (T3 or T4; stages III to IV B) [24, 25]. They
were included in a treatment planning study comparing a simultaneous in-
tegrated boost (SIB) dose escalation strategy delivered either with photon
or proton irradiation as described in detail by Jakobi et al. [25] In brief, for
each patient an intensity modulated radiotherapy (IMRT) and an intensity
modulated proton therapy (IMPT) plan was prepared with the same plan-
ning goals. The target volume was divided into three sub-volumes. The gross
tumor volume (GTV) comprised the bulky tumor volume and in the case of
two patients with N3 stage additionally the lymph nodes. The clinical target
volume (CTV) contained the GTV and involved lymph nodes (independent
of the N stage) extended by a 5-10 mm margin. An elective CTV (CTVE)
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was contoured according to the recommendations by Grégoire et al. [26]. A
planning target volume (PTV) was created by adding a margin of 5 mm in
cranio-caudal direction and 4 mm in plane. Total doses of 72 Gy and 79.8 Gy
in 36 fractions (once every weekday) were prescribed to the CTV and GTV,
respectively, with a 2.3 Gy SIB during the last 26 fractions. A dose level
of 50 Gy within the first 25 fractions was prescribed to the CTVE. After
25 fractions, treatment plan adaptation was performed based on a second
computed tomography scan. Throughout this work, proton dose values are
products of physical dose and a constant factor of 1.1, which models the
relative biological effectiveness of protons.

2.3. Dose response modeling

The considered patient dataset is exemplary for a target volume consist-
ing of regions with different recurrence risk. Furthermore, the underlying
treatment protocol uses a non-uniform dose prescription, i.e., the prescribed
dose differed for the different target sub-volumes. In order to estimate the
overall dose response we, therefore, divided the target volume in high-risk
and low-risk sub-volumes given by the delineated GTV and the CTV struc-
tures, respectively. The low-risk volume was subdivided into the high-dose
CTV and the elective CTVE. The total TCP for a patient is, according to
Eq. (3), given by

TCPpatient = TCPGTV × TCPCTV × TCPCTVE . (21)

Note, clinically-defined contours often overlap (e.g., GTV and CTV). Since
the derived modeling approach requires all target sub-volumes to be disjoint,
inner sub-volumes are excluded from outer sub-volumes (e.g., here the GTV
is excluded from the CTV). Here, we keep the same labeling for the resulting
three disjoint sub-volumes. The normalized tumor dose (NTD) was obtained
by correcting the fractionation effect compared to 2 Gy on a voxel basis using
an α/β ratio of 10 Gy for all sub-volumes. We performed the TCP modeling
in sub-volume i by applying a voxel-based Poisson model on the heteroge-
neous normalized tumor dose distribution, NTDi, in that sub-volume,

TCPi(NTDi) =
∏
j

TCPi(NTDi,j)
vj , (22)

where NTDi,j and vj are the normalized dose bins and the relative volumes of
the differential dose-volume histogram (DVH), respectively, for sub-volume
i. All TCP calculations were performed within the modeling framework of
the recently developed tool for remote comparison of particle and photon
plans (ReCompare) [27, 28]. The framework provides routines to calculate
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differential DVHs for all contoured structures found in the photon and proton
treatment plans. A voxel-based correction for fractionation effects can be
selected. Different model functions, such as a logistic and a Poisson model
are implemented as in [9] and are applied to the differential DVH to calculate
the TCP according to Eq. (22).

As a comparison, we also determined TCP values for all patients using
the simple modeling approach that assumes a homogeneous dose-response
(i.e., the same clonogen cell density and radiosensitivity) in the whole target
volume. The same parameters for overall control D50 and γ50 were employed
as for the sub-volume modeling. To estimate the control of a target sub-
volume, in this case, the sub-volume TCP had to be scaled,

TCPi = TCPi(NTDi;D50, γ50)
Vi
V , (23)

according to the size of sub-volume Vi relative to the total target volume V ,
i.e., proportional to the relative number of clonogen cells in Vi. This scaling
ensures the same total TCP as estimated with the sub-volume model for a
uniform dose coverage of the total target volume.

We chose TCP model parameters for local control, D50 = 70.0 Gy and
γ50 = 1.5, within the range of radioresistant head and neck tumors [2] since
all patients in the study cohort had a high tumor burden. Based on an
analysis of the spatial distribution of recurrences in head and neck tumor
patients by Due et al. [12], we estimated for all patients the same relative
failure proportions of fGTV = 0.82 in the GTV and 0.18 in the surrounding
clinical tumor volumes where fCTV = 0.16 was attributed to the non-elective
volume alone.

Since notable uncertainties can be observed for TCP parameters, we per-
formed a sensitivity analysis to quantify the dependence on the input pa-
rameters, namely, D50 and γ50 as well as fGTV and fCTVE. In each case,
all but one input parameter were kept at constant values (70 Gy, 1.5, 0.80,
and 0.02, respectively) while the remaining parameter was varied within a
certain range: 60 Gy ≤ D50 ≤ 80 Gy; 0.5 ≤ γ50 ≤ 3.0; 0.5 ≤ fGTV ≤ 0.95;
and 0.0 ≤ fCTV ≤ 0.12. The sum of all fi remained unity by altering the
proportion of failures in the CTV accordingly. For the TCP comparison of
individual patients two-sided paired t-tests were used and p-values < 0.05
were considered significant.

3. Results

3.1. Properties of tumor sub-volume TCP model

The target volume was divided into three sub-volumes with different fail-
ure risks representing an inhomogeneous dose response. Model parameters
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Table 1: Sub-volume TCP parameters for the Poisson and the logistic model assum-
ing three target sub-volumes GTV, CTV, and CTVE with failure proportions f =
[0.82, 0.16, 0.02]. The parameters were obtained for three different tcp levels and the
input parameters D50 = 70 Gy and γ50 = 1.5.

tcp Parameter GTV CTV CTVE
Poisson model

D50,i 66.79 40.36 6.73
γ50,i 1.43 0.86 0.14

Logistic model
0.3 D50,i 67.29 38.78 8.96

γ50,i 1.22 0.70 0.16
0.6 D50,i 66.52 43.78 17.19

γ50,i 1.32 0.87 0.34
0.9 D50,i 67.13 47.34 22.61

γ50,i 1.42 1.00 0.48

for each sub-volume were obtained for the Poisson and the logistic model
(Table 1). These TCPi curves were compared to a standard TCP curve (ho-
mogeneous dose response in the target) with the same D50 and γ50 parameters
(Fig. 2). In the case of the Poisson model, the product of all sub-volume TCPi

equals, at any homogeneous dose level Dh, the total TCP (Fig. 2a) and the
parameters D50,i and γ50,i are independent of Dh. For the logistic model, the
sub-volume TCPi curves depend on Dh – i.e., the tcp level – at which the fi
were obtained (Figs. 2b-2d). Hence, the product

∏
i TCPi of all sub-volume

TCPi differs from the standard TCP modeling curve. In general, this differ-
ence was small and vanished [due to the condition in Eq. (3)] around the dose
level D = Dh. At any homogeneous dose level D, the product

∏
i TCPi(D)

was smaller than or equal to the (clinically observed) TCP(D), based on
homogeneous modeling making that product a conservative approximation.
Some TCPi curves for low-risk sub-volumes were nonzero at zero dose. This
resembles the dose response for, e.g., elective clinical target volumes with
control probability much greater than zero, even without radiotherapy [29].

Following the assumption in Eq. (6), the slope γ50,i/D50,i at 50% TCPi

is for all sub-volume curves the same for a given set of input parameters
(cf. Fig. 2). We studied the effect of this assumption by comparing it to an
alternative approach, TCPalt

i , that assumes instead γ50,i to be the same in all
sub-volumes [21]. This alternative approach resulted in steep TCPalt

i curves
for low D50,i and shallow TCPalt

i curves for high D50,i (not shown). For the
logistic model, it yielded for vanishing dose (D → 0) the same TCPalt

i (0)
value for all i. The total TCP for the alternative assumption,

∏
i TCPalt

i ,
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Figure 2: Tumor control probability (TCP) as function of homogeneous tumor dose. A
standard TCP curve (homogeneous dose response) is compared with TCP curves for the
sub-volume model with three sub-volumes (model parameters in Table 1): (a) Poisson
model; logistic model with failure patterns (i.e., fi) determined at (b) tcp = 0.3, (c)
tcp = 0.6, and (d) tcp = 0.9 (indicated by stars). Solid red line, product of sub-volume
TCPi; dashed blue line, standard total TCP; dashed grey lines, sub-volume TCPi curves
with increasing fi values from left to right.

was similar to that for the presented approach,
∏
i TCPi. Quantitatively,

however,
∏
i TCPalt

i was for all homogeneous dose levels, D, either smaller
than or equal to

∏
i TCPi and we get the inequality,

TCP(D) ≥
∏
i

TCPi(D) ≥
∏
i

TCPalt
i (D) . (24)

Therefore, our assumption in Eq. (6) was superior in reproducing the clini-
cally obtained overall dose response curve TCP(D) that served as input.

3.2. TCP estimates for inhomogeneous photon and proton treatment plans

The presented sub-volume approach based on the Poisson model (model
parameters in Table 1) was used to estimate local control for photon (X)
and proton (P) treatment plans of 45 head and neck cancer patients. The
modeled mean total TCP values (± standard deviation) for photon plans,
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Figure 3: Distribution of tumor control probability (TCP) values of photon and proton
treatment plans for 45 head and neck cancer patients: TCP for total target volume (prod-
uct of all sub-volume TCP) and for disjoint sub-volumes GTV, CTV, and CTVE. (a)
Inhomogeneous dose response using the sub-volume model; (b) assuming homogeneous
dose response in the target volume. Note the different scales.

66.3 (±0.9) %, and proton plans, 65.5 (±0.8) %, as well as those for the dis-
joint GTV, CTV, and CTVE sub-volumes (Fig. 3a) differed by less than a
percent (Table 2). While these differences were statistically significant they
appeared too small to be clinically relevant. They originated from systemat-
ically higher than prescribed mean dose levels for photon plans in the CTV
and CTVE, while proton irradiation allowed for better dose conformity with
mean doses closer to the prescription. Mean DVH curves for proton and pho-
ton plans, based on all 45 patients (Fig. 4), were very similar for the GTV.
The systematically elevated dose (on average 4.9%) for photon plans in the
CTVE resulted in the small mean difference ∆TCPX−P,CTVE of 0.6% points
and thereby contributed predominantly to the small difference in total TCP
between photon and proton plans.
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Table 2: Mean tumor control probabilities (TCP) and standard deviations (σ) for photon
(X) and proton (P) plans of 45 head and neck cancer patients: TCP estimates for the total
target volume (product of all sub-volume TCP) and for the disjoint sub-volumes GTV,
CTV, and CTVE employing the sub-volume model.

Plan Dpre [Gy] TCP (±σ) [%] ∆TCPX−P p-value
TCP total
Photon 66.3 (±0.9)

}
0.8 < 0.001

Proton 65.5 (±0.8)
TCP GTV
Photon 79.8 73.7 (±0.8)

}
0.2 0.007

Proton 79.8 73.5 (±0.9)
TCP CTV
Photon 72.0 92.2 (±0.6)

}
0.5 < 0.001

Proton 72.0 91.7 (±0.5)
TCP CTVE
Photon 50.0 97.7 (±0.4)

}
0.6 < 0.001

Proton 50.0 97.1 (±0.5)

∆TCPX−P: TCP difference: Photon - Proton.
Dpre: prescribed dose.

In contrast, TCP modeling assuming a homogeneous dose response within
the entire target volume – as frequently employed for TCP modeling – and
using as input the same D50 and γ50 parameters lead to completely different
results (Fig. 3b). The total TCP values (mean photon: 39.6 (±8.2) %, mean
proton: 32.9 (±8.1) %) decreased by more than 25% points compared to the
sub-volume model approach and differed by on average 6.7% points between
photon and proton plans. The large difference to the estimates with the
sub-volume TCP approach stemmed mainly from the much lower (about
50% points) calculated control probability in the CTVE, where the lower
radiation dose prescribed to the CTVE was decisive. Also, the TCPi values
within the other two sub-volumes changed with respect to the sub-volume
model approach and the variance of all TCP distributions increased markedly.

The discussed total TCP values (i.e., the product of sub-volume TCPi)
varied substantially with the input parameters γ50, D50 but in a less pro-
nounced fashion with the distribution of failures fi (Fig. 5). For example,
even a fivefold increase in proportional failure risk in the low-dose sub-volume
CTVE [Fig. 5d)] resulted only in a decrease in total TCP by 3.5% points.
The TCP difference between the two treatment modalities photons and pro-
tons appeared fairly robust against variations of these parameters and was
greatest for large γ50 and fCTVE values.
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Figure 4: Mean dose volume histogram for treatment plans of 45 head and neck cancer
patients with one standard deviation as shaded area: red lines, proton plans and black
lines, photon plans. Disjoint target sub-volumes: (a) GTV, (b) CTV, and (c) CTVE.

4. Discussion

The derived formalism describes TCP modeling for target volumes with
spatially varying risk of failure. It is based on the empirically accessible
parameters D50 and γ50 for the total TCP and the observed proportion of
failures, fi, in each considered target sub-volume. Thereby, it allows for a
convenient calculation of the TCP for spatially inhomogeneous target doses
or potentially optimizing inhomogeneous dose prescriptions (e.g., dose boost
strategies) to counteract the inhomogeneous dose response given the avail-
ability of reliable data on the failure risk.

The same (inhomogeneous) dose prescription for 45 head and neck cancer
patients applied either by photon or proton treatment resulted in very simi-
lar TCP estimates (using the sub-volume modeling), despite notably higher
doses for photon irradiation in the low-risk tumor sub-volumes compared to
proton treatment plans. While the absolute TCP values strongly depend on
D50 and γ50, the TCP differences between photon an proton plans appear to
be robust. In general, the proton plans exhibit more conformal and thereby
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Figure 5: Mean tumor control probability (TCP) values for treatment plans of 45 head
and neck cancer patients using the sub-volume model: red stars, proton plans and black
circles, photon plans. Variation of TCP as a function of the input parameters (a) D50, (b)
γ50, and proportion of failures f in the (c) GTV and (d) CTVE.

lower dose levels in the outer target sub-volumes as well as in the surrounding
normal tissue. The improved conformity results from the inverse depth-dose
profile of proton beams: the dose increases with penetration depth in the
patient until the Bragg peak – which can be placed inside the target volume
– and drops steeply to zero afterward. In contrast to the similar TCP, esti-
mated normal tissue complication probabilities (NTCP) for these plans were
found to be significantly higher for individual patients in the case of photon
plans, depending on patient geometry and endpoint [25, 30].

Assumption of a homogeneous dose response (i.e., homogeneous clonogen
cell density and radiosensitivity) in the entire target volume is an inappropri-
ate modeling strategy for the current plan evaluation. It results in substan-
tially different TCP estimates: a low probability of local failures in the GTV
and most failures in the low-risk CTVE. These estimates clearly contradict
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clinically observed data, which demonstrate that the vast majority of failures
occur in-field [14–17]. The exceptionally high modeled failure probability in
the CTVE results from the assumed uniform clonogen density everywhere in
the target volume that leads, together with the relatively large CTVE vol-
ume, to an estimated large number of clonogen cells and therefore to small
TCP values. Such inappropriate TCP modeling outcomes occur for all tu-
mor entities with spatially inhomogeneous dose response and demonstrate the
need for good estimates of the dose-response parameters D50,i and γ50,i in tar-
get sub-volumes. Accordingly, to some degree (simple) sub-volume modeling
has been employed earlier, e.g., by separately estimating the TCP of elective
lymph node volumes, especially, for head and neck cancers [2, 21, 29]. The
derived sub-volume TCP modeling could be described as a generalization of
such simple two-level TCP approaches supporting technically an arbitrary
number of different dose-response levels in one target volume.

An assumption of the current approach is the independence of failure be-
tween each target sub-volume [Eq. (3)]. However, currently available clinical
data do not allow for the exclusion of this assumption, as discussed in [21].
While regional similarities within tumors are well established, their extent
might be tumor-dependent and overlapping, as found in molecular-imaging
studies in canine patients [31, 32]. Prospectively, clinical trials employing op-
timized dose distributions may serve as an indicator by considering whether
more failures will be observed in the (de-escalated) periphery than expected.
In this context, the proposed method may help to quantify this hypothesis
in order to falsify or to validate the underlying assumption. In this context,
it is important to interpret the low D50,i values in the CTVE as population
risk estimates for rare events. For those rare individuals with recurrence in
this region, a sufficiently high dose must still be delivered to control tumor
growth. Unreflected use in objective functions to plan individual treatments
may lead to severe under-dosage of the elective volumes. The approach to
relate the total TCP via the proportion of failures fi in a sub-volume to the
corresponding TCPi [Eq. (5)] is consistent for the Poisson model. For the
logistic model this is formally not the case. However, for all studied situa-
tions numerical discrepancies regarding the self-consistency were found to be
small.

The derived approach assumes the same slope γ50,i/D50,i of the TCPi in
all sub-volumes [Eq. (6)]. When compared to the technique of assuming that
γ50,i is the same for all i, the former assumption is superior in reproducing
the clinically observed total TCP. When relating the TCP with the clonogen
surviving fraction Sc and clonogen cell number Nc in the usual way with Pois-
son statistics [33] (TCP = exp [−Nc Sc]), the same slope γ50,i/D50,i for all i
complies with a uniform dose response Sc throughout the target volume [34].
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Then, the proportion of failures fi would conceptually depend on the clono-
gen cell number Nc,i in sub-volume i and the clonogen cell density (CCD)
would be expected to be lower in low-risk sub-volumes with small fi such as
the CTVE. The alternative assumption, namely, the same γ50,i for all i would
suggest more radio-resistant cells in the high-risk regions. These descriptions
are likely to be simplifications and accurate values for radiosensitivity and
number of tumor stem cells are difficult to obtain for an individual patient.
However, the strength of the derived sub-volume TCP approach is exactly
that detailed knowledge of such data is not required. Some prior work on
modeling different recurrence risks within the CTV and GTV based on the
linear quadratic model has been done by varying the CCD in the case of
lung irradiation [35]. A shortcoming of such an approach is the fact that
clinical data on the CCD in the microscopic extension around the GTV are
not available. In contrast, the present approach allows for a simpler and
mathematically more stable empirical fit to the spatial patterns of clinical
recurrence data.

The reliability of any modeling approach relies on the accuracy of the
input parameters. The sensitivity analysis pointed out that confidence inter-
vals for total TCP estimates are predominantly driven by the uncertainty of
the established total TCP parameters D50 and γ50 (which can be on the order
of ±20%) and much less by the precise distribution of failures within the tar-
get volume. For several tumor entities, a dependence of TCP on the volume
of the tumor has been observed (e.g., head and neck [36] and lung [37, 38]).
This volume dependence can be included in the method in a straightforward
way by allowing the total TCP (i.e., D50, γ50) to depend on the tumor vol-
ume. In the current work and elsewhere [30, 39], the derived approach was
applied to dose distributions from plan comparison studies to obtain TCP
estimates. Such applications do not serve as a verification of the approach.
Instead, a (prospective) clinical study – potentially with an inhomogeneous
dose prescription – could be used.

The sub-volume TCP approach may be beneficial when designing clini-
cal trials that aim at testing the impact of dose escalation of high-risk (and
de-escalation of low-risk) tumor sub-volumes based on the well established
clinical experience from homogeneous dose irradiation. It does not require
particular knowledge of underlying radiobiologic parameters. The presented
formulation allows for convenient optimization of the dose prescription and
for estimating patient numbers. Potentially, even individualized inhomo-
geneous dose distributions could be designed, provided that reliable patient-
specific information on the expected failure pattern would eventually become
available.
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5. Conclusion

We derived a tumor control probability modeling approach for spatially
inhomogeneous risk of failure. The method presented is valuable for three
reasons: (a) it is based on empirical outcome data; (b) it can be applied
for inhomogeneous tumor dose (boost strategies) and different tumor enti-
ties as well as dose-response models; and (c) it is presented in a convenient
analytical form. In contrast, standard modeling (assuming spatially homoge-
neous failure risk) may lead to clinically unexpected failure distributions for
inhomogeneous dose prescriptions: the lowest tumor control in the low-risk
elective volume. The presented approach is able to target clinically observed
spatial patterns of local failures by redistributing the prescribed dose to de-
crease the expected total risk of failures in a patient cohort. Its predictive
power depends on the uncertainty of the input data: established tumor con-
trol parameters D50 and γ50 and to a smaller extent empirical pattern of
failure risk.
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Appendix A. Derivation of model parameters: Poisson model

The Poisson model for the total tumor,

TCP(D) = exp

[
ln
(

1

2

)
exp

{
2γ50
ln(2)

(
1− D

D50

)}]
, (25)

is defined by the two model parameters D50 and γ50. The proportion of
failures fi in each of the N tumor sub-volumes were obtained at the homo-
geneous dose Dh at which the total TCP is given by the short notation

tcp = TCP(Dh) . (26)

To fully describe the N sub-volume TCPi curves,

TCPi(D) = exp

[
ln
(

1

2

)
exp

{
2γ50,i
ln(2)

(
1− D

D50,i

)}]
, (27)

we derive the N pairs of model parameters γ50,i and D50,i under the condition
that the assumptions specified in Eqs. (3)-(6) are fulfilled. Accordingly, we
need the first derivative of TCP with respect to dose

d

dD
TCP(D) = TCP(D) ln

(
1

2

)
exp

{
2γ50
ln(2)

(
1− D

D50

)}
︸ ︷︷ ︸

=ln(TCP(D))

2γ50
ln(2)

(
− 1

D50

)
(28)

= −TCP(D) ln(TCP(D))
2

ln(2)

γ50
D50

. (29)

Evaluated at the dose Dh and using Eq. (26) this results for the total tumor
and the sub-volume i, respectively, in

d

dD
TCP(D)

∣∣∣∣∣
Dh

= − 2

ln(2)
tcp ln(tcp)

γ50
D50

(30)

d

dD
TCPi(D)

∣∣∣∣∣
Dh

= − 2

ln(2)
tcpfi ln(tcp)fiA , (31)

where we used that according to Eq. (6) A = γ50,i
D50,i

is a constant independent

of i. To determine A we first simplify the right hand side of Eq. (4),

d

dD
TCP(D)

∣∣∣∣∣
Dh

=
N∑
i=1

N∏
j=1︸︷︷︸
i 6=j

TCPj(Dh)
d

dD
TCPi(D)

∣∣∣∣∣
Dh

(32)
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= −
N∑
i=1

N∏
j=1︸︷︷︸
i 6=j

tcpfj
2

ln(2)
tcpfi ln(tcp)fiA (33)

= − 2

ln(2)
A

N∑
i=1

tcp1−fi tcpfi︸ ︷︷ ︸
= tcp

ln(tcp)fi (34)

= − 2

ln(2)
A tcp ln(tcp)

N∑
i=1

fi︸ ︷︷ ︸
=1

(35)

= − 2

ln(2)
A tcp ln(tcp) , (36)

set it equal to the according left hand side as given in Eq. (30),

− 2

ln(2)

γ50
D50

tcp ln(tcp) = − 2

ln(2)
A tcp ln(tcp) , (37)

and obtain the simple relation,

A =
γ50
D50

, (38)

which is independent of Dh and tcp.
To determine γ50,i and D50,i we use the definition of TCPi in Eq. (27) at

the dose Dh and employ the two relations previously given in Eqs. (5) and
(38),

tcpfi = exp

[
ln
(

1

2

)
exp

{
2

ln(2)
(γ50,i −DhA)

}]
(39)

= exp

[
ln
(

1

2

)
exp

{
2

ln(2)

(
γ50,i − γ50 + γ50 −Dh

γ50
D50

)}]
(40)

= exp

[
ln
(

1

2

)
exp

{
2γ50
ln(2)

(
1− Dh

D50

)}]exp{ 2
ln(2)

(γ50,i−γ50)}
(41)

= tcpexp{
2

ln(2)
(γ50,i−γ50)}. (42)

Comparison of the two exponents,

fi = exp

{
2

ln(2)
(γ50,i − γ50)

}
, (43)
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and solving for γ50,i results in

γ50,i = γ50 +
ln(2)

2
ln(fi) (44)

= γ50

(
1 +

ln(2)

2γ50
ln(fi)

)
(45)

= γ50 Pi , (46)

with Pi defined as

Pi = 1 +
ln(2)

2γ50
ln(fi) . (47)

By applying Eq. (38), D50,i follows accordingly as

D50,i =
γ50
A
Pi (48)

= D50 Pi . (49)

Appendix B. Derivation of model parameters: logistic model

We suppose for the logistic model,

TCP(D) =
1

1 + exp
{

4γ50
(
1− D

D50

)} , (50)

that the model parameters D50 and γ50 for the total tumor are known. The
proportion of failures fi in each of the N tumor sub-volumes were obtained
at the homogeneous dose Dh at which the total TCP is given by the short
notation

tcp = TCP(Dh) . (51)

We try to obtain the model parameters γ50,i and D50,i to fully describe the
TCPi for each of the N sub-volumes,

TCPi(D) =
1

1 + exp
{

4γ50,i
(
1− D

D50,i

)} , (52)

such that the assumptions specified in Eqs. (3)-(6) are fulfilled. To evaluate
the condition in Eq. (4) we need the derivative of the TCP with respect to
dose for a homogeneous dose distribution,

d

dD
TCP(D) = −TCP(D)2 exp

{
4γ50

(
1− D

D50

)}
︸ ︷︷ ︸

=
1−TCP (D)
TCP (D)

(
−4γ50
D50

)
(53)

= TCP(D) (1− TCP (D))
4γ50
D50

, (54)
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and we find the slopes at D = Dh for the total tumor and sub-volume i,
respectively,

d

dD
TCP(D)

∣∣∣∣∣
Dh

= tcp (1− tcp) 4
γ50
D50

(55)

d

dD
TCPi(D)

∣∣∣∣∣
Dh

= tcpfi (1− tcpfi) 4B , (56)

where, according to the assumption in Eq. (6), B = γ50,i
D50,i

is a constant inde-

pendent of i. To simplify the right hand side of the condition in Eq. (4) we
use the product rule,

d

dD
TCP(D)

∣∣∣∣∣
Dh

=
N∑
i=1

N∏
j=1︸︷︷︸
i 6=j

TCPj(Dh)
d

dD
TCPi(D)

∣∣∣∣∣
Dh

(57)

=
N∑
i=1

N∏
j=1︸︷︷︸
i 6=j

tcpfj tcpfi (1− tcpfi) 4B (58)

= 4B
N∑
i=1

tcp1−fi tcpfi︸ ︷︷ ︸
= tcp

(1− tcpfi) (59)

= 4B tcp

(
N −

N∑
i=1

tcpfi
)
. (60)

Setting Eq. (60) equal to the expression in Eq. (55),

4B tcp

(
N −

N∑
i=1

tcpfi
)

= 4
γ50
D50

tcp (1− tcp) , (61)

and solving for B results in

B =
γ50,i
D50,i

=
γ50
D50

1− tcp
N −∑N

j=1 tcp
fj
. (62)

To determine γ50,i and D50,i we use the definition of TCPi in Eq. (52) at the
dose Dh and plug in the two assumptions, as given in Eqs. (5) and (6),

tcpfi =

[
1 + exp

{
4γ50,i

(
1−B Dh

γ50,i

)}]−1
(63)

= [1 + exp {4 (γ50,i −BDh)}]−1 . (64)
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This expression can be solved for γ50,i,

γ50,i = BDh +
1

4
ln(tcp−fi − 1) (65)

= B
(
Dh +

1

4B
ln(tcp−fi − 1)

)
(66)

= B (Dh + Li) , (67)

with Li defined as

Li =
1

4B
ln(tcp−fi − 1) . (68)

By applying Eq. (62) D50,i follows directly,

D50,i =
γ50,i
B

(69)

= Dh + Li . (70)
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