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The 𝚲CDM model

Concordance cosmology

2

Cosmological 
constant

~ 69%

Cold dark 
matter
~ 26%

Baryonic 
matter

~ 5% Neutrino decoupling

1s, 1MeV

Matter-radiation equality

60 kyr, 0.75 eV

Photon decoupling

380 kyr, 0.23-0.28 eV

DE-matter equality

9 Gyr, 0.33 meV

Today
13.8 Gyr, 0.24 meV

Planck 2018 results. VI. Cosmological parameters, A&A 

641, A6 (2020)
Baumann, D., Lecture Notes on Cosmology, Part III 
Math Tripos, Cambridge (2014)
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Superclusters & voids

~ 100 Mpc across

The nonlinear scale

-from tens of megaparsecs

Typical galaxy clusters have sizes of several
megaparsecs

The Milky Way

~ 30 kpc

Neutrino decoupling

1s, 1MeV

Matter-radiation equality

60 kyr, 0.75 eV

Photon decoupling

380 kyr, 0.23-0.28 eV

DE-matter equality

9 Gyr, 0.33 meV

Today
13.8 Gyr, 0.24 meV

Baumann, D., Lecture Notes on Cosmology, Part III 
Math Tripos, Cambridge (2014)



Metric perturbations in an arbitrary gauge –
the scalar sector 
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𝑑𝑠2 = 𝑎 𝜂 2 −𝑑𝜂2 + 𝛿𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽 𝑔𝑖𝑘 = ҧ𝑔𝑖𝑘 + 𝛿𝑔𝑖𝑘

The stress-energy tensor

𝑇0
0 = − ҧ𝜀 1 + 𝛿 ,

𝑇0
𝛼 = − ҧ𝜀 + ҧ𝑝 𝜕𝛼𝑣, 𝑇𝛽

𝛼 = ҧ𝑝 + 𝛿𝑝 𝛿𝛽
𝛼 + ҧ𝑝Π𝛽

𝛼

Φ = 𝐻𝐿 +
Δ

3
𝐻𝑇 −ℋ 𝐵 − ሶ𝐻𝑇 − the Bardeen potential

𝑑𝑠2 = 𝑎2 𝜂

× − 1 + 2𝐴 𝑑𝜂2 − 2𝜕𝛼𝐵𝑑𝑥
𝛼𝑑𝜂 + 𝛿𝛼𝛽 1 + 2𝐻𝐿 − 2 𝜕𝛼𝜕𝛽 − 𝛿𝛼𝛽Δ/3 𝐻𝑇 𝑑𝑥𝛼𝑑𝑥𝛽



𝑘2Φ = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝛿

𝜕𝜂𝛿𝑐 + 𝑘𝑣𝑐 = −3 ሶ𝐻𝐿

𝜕𝜂 +ℋ 𝑣𝑐 = −𝑘 Φ + 𝛾
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The «N-body» gauge  

𝜀 = 1 − 3𝐻𝐿
1

𝑎3
෍

𝑛

𝑚𝑛𝛿(𝒙 − 𝒙𝑛)

𝑘2Φ𝑁 = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝑐

𝑁𝛿𝑐
𝑁

𝜕𝜂𝛿𝑐
𝑁 + 𝑘𝑣𝑐

𝑁 = 0

𝜕𝜂 +ℋ 𝑣𝑐
𝑁 = −𝑘Φ𝑁

C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama, D. Wands, JCAP 09, 031 (2016)   

C. Fidler, C. Rampf, T. Tram, R. Crittenden, K. Koyama, D. Wands, Phys. Rev. D 92, 123517 (2015)   



𝑘2Φ𝑁 = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝑐

𝑁𝛿𝑐
𝑁

𝜕𝜂𝛿𝑐
𝑁 + 𝑘𝑣𝑐

𝑁 = 0

𝜕𝜂 +ℋ 𝑣𝑐
𝑁 = −𝑘Φ𝑁
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𝑘2Φ = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝛿

𝜕𝜂𝛿𝑐 + 𝑘𝑣𝑐 = 0

𝜕𝜂 +ℋ 𝑣𝑐 = −𝑘 Φ + 𝛾

The «N-body» gauge  

vanishing for constant 𝐻𝑇, when 𝛿𝑝 = Π = 0 ∶

𝛾 ≡ ሷ𝐻𝑇 +ℋ ሶ𝐻𝑇 − 8𝜋𝐺𝑁𝑎
2𝑝Π

C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama, D. Wands, JCAP 09, 031 (2016)   
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The «N-body» gauge  

𝐻𝐿 = 0

𝑘2Φ𝑁 = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝑐

𝑁𝛿𝑐
𝑁

𝜕𝜂𝛿𝑐
𝑁 + 𝑘𝑣𝑐

𝑁 = 0

𝜕𝜂 +ℋ 𝑣𝑐
𝑁 = −𝑘Φ𝑁

𝑘2Φ = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝛿

𝜕𝜂𝛿𝑐 + 𝑘𝑣𝑐 = 0

𝜕𝜂 +ℋ 𝑣𝑐 = −𝑘 Φ + 𝛾

C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama, D. Wands, JCAP 09, 031 (2016)   
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«N-motion» gauges  

𝛿𝑐
𝑁 ≡ 𝛿𝑐

𝑁𝑚 + 3𝐻𝐿
𝑁𝑚

𝑘2Φ𝑁 = 4𝜋𝐺𝑁𝑎
2 ҧ𝜀𝑐

𝑁𝛿𝑐
𝑁

𝜕𝜂𝛿𝑐
𝑁 + 𝑘𝑣𝑐

𝑁 = 0

𝜕𝜂 +ℋ 𝑣𝑐
𝑁 = −𝑘Φ𝑁

= −𝑘Φ𝑁

𝜕𝜂𝛿𝑐 + 𝑘𝑣𝑐 = −3 ሶ𝐻𝐿

𝜕𝜂 +ℋ 𝑣𝑐 = −𝑘 Φ + 𝛾𝑁𝑚

C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama, D. Wands, JCAP 09, 031 (2016)   
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«N-motion» gauges  

evolved separately in an Einstein-Boltzmann code* 
up to first order to keep track of relativistic corrections

C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama, D. Wands, JCAP 09, 031 (2016)   

*such as CLASS 
(Cosmic Linear Anisotropy Solving System):
D. Blas, J. Lesgourges, T. Tram, JCAP 07, 04 (2011)   

nonlinear evolution of CDM 
is simulated with the help of 

Newtonian N-body codes 

Metric potentials -
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A sample dictionary 
based on a weak-field expansion

C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama, D. Wands, JCAP 12, 022 (2017)   

𝐴 = −Φ𝑁 − 𝜕𝜂 +ℋ 𝑘−2 ሶ𝐻𝑇

𝐻𝐿 = Φ𝑁 −
1

3
𝐻𝑇 − 𝛾

𝑣 = 𝑣𝑁

𝛿 = 𝛿𝑁 − 3𝐻𝐿

Φ𝑁 −Φ = 𝛾

𝑑𝑠2 = 𝑎2 𝜂

× − 1 + 2𝐴 𝑑𝜂2 − 2𝜕𝛼𝐵𝑑𝑥
𝛼𝑑𝜂 + 𝛿𝛼𝛽 1 + 2𝐻𝐿 − 2 𝜕𝛼𝜕𝛽 − 𝛿𝛼𝛽Δ/3 𝐻𝑇 𝑑𝑥𝛼𝑑𝑥𝛽



Six physical degrees of freedom
of the perturbed metric in Poisson gauge
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𝑑𝑠2 = 𝑎 𝜂 2 −𝑑𝜂2 + 𝛿𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽 𝑔𝑖𝑘 = ҧ𝑔𝑖𝑘 + 𝛿𝑔𝑖𝑘

𝑑𝑠2 = 𝑎2 𝜂 − 1 + 2Φ 𝑑𝜂2 − 2𝐵𝛼𝑑𝑥
𝛼𝑑𝜂 + 𝛿𝛼𝛽 1 − 2Ψ 𝑑𝑥𝛼𝑑𝑥𝛽 + 2ℎ𝛼𝛽𝑑𝑥

𝛼𝑑𝑥𝛽

In the Poisson gauge, the line element takes on the form 

Scalar potentials:
Gravitational lensing and

clustering

Vector potential:
Frame dragging

Tensor
perturbation:
Gravitational

waves



Stress-energy perturbations

We consider a system of point-like particles described by the EMT
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𝑇𝑖𝑘 =෍

𝑛

𝑚(𝑛)

𝛿 (𝒓 − 𝒓𝑛)

−𝑔
𝑔𝑚𝑙

𝑑𝑥(𝑛)
𝑚

𝑑𝜂

𝑑𝑥(𝑛)
𝑙

𝑑𝜂

−1/2
𝑑𝑥(𝑛)

𝑖

𝑑𝜂

𝑑𝑥(𝑛)
𝑘

𝑑𝜂
•

𝑑𝑥(𝑛)
𝛼

𝑑𝜂
≡ ෤𝑣 𝑛

𝛼

𝑇0
0 = −

1

𝑎3
෍

𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)

𝑇0
0 = −

1

𝑎4
෍

𝑛

𝛿 (𝒓 − 𝒓𝑛) 𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2 1 + 3Φ +
𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ

𝑇𝛽
𝛼 = 0

𝑇𝛽
𝛼 = −

𝛿𝛼𝛾

𝑎4
෍

𝑛

𝛿 (𝒓 − 𝒓𝑛)
𝑞(𝑛)𝛾

𝑞(𝑛)𝛽

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2
1 + 4Φ +

𝑚(𝑛)
2 𝑎2

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2
Φ



Stress-energy perturbations
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𝑇𝛼
0 =

1

𝑎4
෍

𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞(𝑛)𝛼

𝑇𝛼
0 =

1

𝑎4
෍

𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞(𝑛)𝛼
1 + 2Φ + χ

• 𝜒 ≡ Φ −Ψ

Eingorn, M., Yukselci, A.E. and Zhuk, A., Phys. Lett. B 826, 136911 (2022)   

Adamek, J., Daverio, D., Durrer, R., Kunz, M., JCAP 07, 053 (2016)   



Field equations 𝛿𝐺𝑖
𝑘 = 𝜅𝛿𝑇𝑖

𝑘
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• Δ ≡ 𝛿𝛼𝛽𝜕2/𝜕𝑥𝛼𝜕𝑥𝛽

• Π𝛼𝛽 ≡ 𝛿𝛾𝛼𝑇𝛽
𝛾
− 𝛿𝛼𝛽𝑇𝛾

𝛾
/3

for determining metric perturbations

∆Φ − 3ℋΦ′ − 3ℋ2Φ = −4𝜋𝐺𝑎2𝛿𝑇0
0

1 + 4Φ ∆Φ − 3ℋΦ′ + 3ℋ2 χ − Φ +
3

2
𝛿𝛼𝛽Φ,𝛼Φ,𝛽 = −4𝜋𝐺𝑎2𝛿𝑇0

0

−
1

4
𝐵𝛼 −Φ′

,𝛼 −ℋ Φ,𝛼 − χ,𝛼 = −4𝜋𝐺𝑎2𝑇𝛼
0

−
1

4
𝐵𝛼 −Φ′

,𝛼 −ℋΦ,𝛼 = −4𝜋𝐺𝑎2𝑇𝛼
0

× 𝐵 𝛾,𝜎
′ + 2ℋ𝐵 𝜎,𝛾 + χ,𝜎𝛾 − 2χΦ,𝜎𝛾 + 2Φ,𝜎Φ,𝛾 + 4ΦΦ,𝛾𝜎

𝛿𝛼
𝛾
𝛿𝛽
𝜎 −

1

3
𝛿𝛾𝜎𝛿𝛼𝛽

00 −

0𝛼 −

𝛼𝛽 −

= 8𝜋𝐺𝑎2Π𝛼𝛽



Evolving the particle ensemble
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Adamek, J., Daverio, D., Durrer, R., Kunz, M., JCAP 07, 053 (2016)   

𝑞′(𝑛)𝛼
= − 𝑞(𝑛)

2 +𝑚(𝑛)
2 𝑎2 1 +

𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ,𝛼 − χ,𝛼 +
𝛿𝛽𝛾𝑞(𝑛)𝛾

𝐵𝛽,𝛼

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2

𝑣(𝑛)𝛼
=

𝑞(𝑛)𝛼

𝑞(𝑛)
2 +𝑚(𝑛)

2 𝑎2
3 −

𝑞(𝑛)
2

𝑞(𝑛)
2 + 𝑎2𝑚(𝑛)

2 Φ− 𝜒 + 𝐵𝛼



The cosmic screening approach

16

𝛿𝑇0
0 ≡ 𝑇0

0 − ത𝑇0
0 = −

𝑐2

𝑎3
𝛿𝜌 −

3 ҧ𝜌𝑐2

𝑎3
Φ

𝛿𝑇𝛼
0 =

𝑐2

𝑎3
෍

𝑛

𝜌𝑛 ෤𝑣𝑛
𝛼 −

ҧ𝜌𝑐2

𝑎3
𝐵𝛼

𝑇𝛽
𝛼 = 0

𝑇0
0 = −

1

𝑎3
෍

𝑛

𝑚(𝑛)𝛿 (𝒓 − 𝒓𝑛)(1 + 3Φ)

𝑇𝛼
0 =

1

𝑎4
෍

𝑛

𝛿 𝒓 − 𝒓𝑛 𝑞(𝑛)𝛼

• 𝜌(𝑛) ≡𝑚 𝑛 𝛿 𝒓 − 𝒓𝑛
• 𝜌 ≡ ҧ𝜌 + 𝛿𝜌

⋆ ҧ𝜀 =
ഥ𝜌𝑐2

𝑎3

Eingorn, M.,  ApJ 825, 84 (2016)



Field equations 𝛿𝐺𝑖
𝑘 = 𝜅𝛿𝑇𝑖

𝑘
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• Δ ≡ 𝛿𝛼𝛽𝜕2/𝜕𝑥𝛼𝜕𝑥𝛽

• Π𝛼𝛽 ≡ 𝛿𝛾𝛼𝑇𝛽
𝛾
− 𝛿𝛼𝛽𝑇𝛾

𝛾
/3

for determining metric perturbations

∆Φ − 3ℋΦ′ − 3ℋ2Φ = −4𝜋𝐺𝑎2𝛿𝑇0
0

1 + 4Φ ∆Φ − 3ℋΦ′ + 3ℋ2 χ − Φ +
3

2
𝛿𝛼𝛽Φ,𝛼Φ,𝛽 = −4𝜋𝐺𝑎2𝛿𝑇0

0

−
1

4
𝐵𝛼 −Φ′

,𝛼 −ℋ Φ,𝛼 − χ,𝛼 = −4𝜋𝐺𝑎2𝑇𝛼
0

−
1

4
𝐵𝛼 −Φ′

,𝛼 −ℋΦ,𝛼 = −4𝜋𝐺𝑎2𝑇𝛼
0

× 𝐵 𝛾,𝜎
′ + 2ℋ𝐵 𝜎,𝛾 + χ,𝜎𝛾 − 2χΦ,𝜎𝛾 + 2Φ,𝜎Φ,𝛾 + 4ΦΦ,𝛾𝜎

𝛿𝛼
𝛾
𝛿𝛽
𝜎 −

1

3
𝛿𝛾𝜎𝛿𝛼𝛽

00 −

0𝛼 −

𝛼𝛽 −

= 8𝜋𝐺𝑎2Π𝛼𝛽



The cosmic screening approach
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∆Φ −
3𝜅 ҧ𝜌𝑐2

2𝑎
Φ =

𝜅𝑐2

2𝑎
𝛿𝜌 −

3𝜅𝑐2ℋ

2𝑎
Ξ

∆𝐁 −
2𝜅 ҧ𝜌𝑐2

𝑎
𝐁 = −

2𝜅𝑐2

𝑎
෍

𝑛

𝜌𝑛෥𝒗𝑛 − ∇Ξ

Ξ =
1

4𝜋
෍

𝑛

𝑚𝑛

෥𝒗𝑛(𝒓 − 𝒓𝑛)

𝒓 − 𝒓𝑛
3

∆Ξ = ∇෍

𝑛

𝜌𝑛෥𝒗𝑛 →



The cosmic screening approach
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Φ =
1

3
−
𝜅𝑐2

8𝜋𝑎
෍

𝑛

𝑚𝑛

𝒓 − 𝒓𝑛
exp −𝑞𝑛

+
3𝜅𝑐2ℋ

8𝜋𝑎
෍

𝑛

𝑚𝑛 ෥𝒗𝑛(𝒓 − 𝒓𝑛)

|𝒓 − 𝒓𝑛|

1 − 1 + 𝑞𝑛 exp(−𝑞𝑛)

𝑞𝑛
2

𝒒𝑛 𝜂, 𝒓 ≡
3𝜅 ҧ𝜌𝑐2

2𝑎
𝒓 − 𝒓𝑛 =

𝑎 𝒓 − 𝒓𝑛
𝜆

, 𝜆 ≡
2𝑎3

3𝜅 ҧ𝜌𝑐2

∆Φ −
𝑎2

𝜆eff
2 Φ =

𝜅𝑐2

2𝑎
𝛿𝜌 , Φ =

1

3

𝜆eff
𝜆

2

−
𝜅𝑐2

8𝜋𝑎
෍

𝑛

𝑚𝑛

|𝒓 − 𝒓𝑛|
exp −

𝑎|𝒓 − 𝒓𝑛|

𝜆eff

1

𝜆eff
2 =

3

𝑐2𝑎2𝐻
න

𝑑𝑎

𝑎3𝐻3

−1

Canay, E., Eingorn, M.,  PDU 29, 100565 (2020)
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Her-CrB GW

~ 2-3 Gpc

Superclusters & 
voids

~ 100 Mpc across

The nonlinear scale

-from tens of 
megaparsecs

Canay, E., Eingorn, M.,  PDU 29, 100565 (2020)

Horvath, I., Hakkila, J., Bagoly, Z., A&A 561, L12 (2014)   

Horvath, I., Bagoly, Z., Hakkila, J., Toth L.V., A&A 584, A48 (2015)   
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