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We present an overview of selected copper-based quasi-2D square-lattice spin-1/2 materials with an easy-

plane anisotropy, providing the possibility to study emergent Berezinskii–Kosterlitz–Thouless (BKT) correla-

tions. In particular, in those materials with a comparatively small exchange coupling, the effective XY anisotropy 

of the low-temperature spin correlations can be controlled by an applied magnetic field, yielding a systematic 

evolution of the BKT correlations. In cases where the residual interlayer correlations are small enough, dyna-

mical BKT correlations in the critical regime may be observed experimentally, whereas the completion of the 

genuine BKT transition is preempted by the onset of long-range order. 

Keywords: spin-1/2 square lattice, easy-plane anisotropy, long-range order, BKT transition, Nuclear magnetic 

resonance, XY model, Heisenberg model. 

 

 

1. Introduction 

Due to its importance as a fundamental model system in 

quantum magnetism, the two-dimensional quantum Hei-

senberg spin-1/2 antiferromagnet (2DQHAF) on a square 

lattice and its ground-state properties, as well as the influ-

ence of small perturbations and magnetic fields on the spin 

correlations, were investigated in numerous works over 

the past decades. In the presence of an XY  anisotropy, 

the occurrence of the topological Berezinskii–Kosterlitz–

Thouless phase transition at a finite temperature BKTT  [1–3], 

which marks the binding of topological defects in vortex-

antivortex pairs, is a phenomenon of particular interest. 

Whereas the BKT transition is often studied for the spin-1/2 

case, it occurs also in the classical limit [4, 5]. In the re-

ported experimental studies, the investigation of a genuine 

BKT transition in bulk materials was compromised by the 

onset of long-range order (LRO) [6–12]. Typically, a re-

sidual interlayer coupling J  stabilizes LRO at tempera-

tures above BKTT , thus preventing the manifestation of the 

BKT transition in material realizations of the 2D XY  model. 

Still, if the perturbations relative to the 2D XY  model are 

small enough, the spin system may yield experimental sig-

natures of BKT-type correlations that develop at tempera-

tures approaching LROT  [12–19]. 

The 2D spin-1/2 Heisenberg square-lattice anti-

ferromagnet with weak easy-plane anisotropy in an applied 

magnetic field can be described by the Hamiltonian  

 ( )
,

= 1
y yx x z z

i j i j i j

i j

J S S S S S S + + −
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where ,i j  and ,i j
⊥

 denote the intra- and interlayer 

nearest neighbors, and J  and 'J  are the intra- and interlay-

er exchange couplings, respectively. Whereas = 0  corre-

sponds to the isotropic Heisenberg case, 0 < 1   denotes 

a nonzero XY  anisotropy. 

For a small exchange coupling J  of a few K, the appli-

cation of experimentally available magnetic fields of seve-
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ral T offers the possibility to continuously tune the low-

temperature spin correlations from the 2D Heisenberg to 

the 2D XY  limit [12, 20–26]. As was shown by numerical 

and analytical calculations, a uniform magnetic field 

breaks the (3)O  symmetry of the 2D quantum Heisenberg 

antiferromagnet, but preserves the easy-plane (2)O  sym-

metry [21]. Correspondingly, for Zeeman energies of the 

order of the exchange energy, the resulting effective XY  

anisotropy can be controlled. The associated BKT transition 

persists for all fields below the saturation field, yielding a 

nonmonotonic magnetic phase diagram [21]. This provides 

an excellent possibility for experimental studies of BKT 

physics and their comparison to theoretical predictions. 

2. Classification of quasi-2D materials 

In contrast to an ideal 2D Heisenberg spin system, the 

magnetic layers in bulk materials yield a nonzero interlayer 

exchange J , and typically also a weak intrinsic anisotropy 

int , which is described by the anisotropy parameter  in 

Eq. (1). Thus, in order to characterize how well the spin 

system in a given material can be approximated by the 2D 

Heisenberg model, the parameters J  and int  need to be 

determined. Nonzero values of J  and int  lead to long-

range order at a critical temperature LROT , in contrast to the 

ideal 2D spin-1/2 Heisenberg case, which does not reveal 

long-range order at finite temperatures [27]. Therefore, a 

first qualification of a material as a realization of the 2D 

spin-1/2 Heisenberg antiferromagnet may be defined by 

the ratio /B LROk T J , which varies between zero and values 

approaching unity for the 2D and the 3D spin-1/2 Heisen-

berg cases, respectively [28]. 

In order to estimate the interlayer interaction J , an em-

pirical form, proposed by Yasuda et al., is often used [29]:  

 
4

= ,
2.43 ln( / )

s
B LRO '
k T

J J



−
 (2) 

where = 0.183s J  is the renormalized spin-stiffness. 

Since this estimate assumes int = 0 , it represents only an 

upper boundary of J  for weakly anisotropic materials. 

Both, the interlayer coupling J  as well as the easy-plane 

anisotropy intΔ , may drive long-range order at nonzero 

temperatures. Therefore, the ratio /J J , calculated for 

quasi-2DQHAFs with a finite int  by means of Eq. (2), 

represents an upper limit of the interlayer coupling. 

For a nonzero int  and = 0J  , quantum Monte Carlo 

(QMC) calculations showed that, even for anisotropies as 

small as 310− , the critical behavior of the magnetic lattice 

resembles that of the Berezinskii–Kosterlitz–Thouless uni-

versality class. A weak logarithmic decrease of the BKTT  

temperature with reduction of the spin anisotropy was de-

termined as [30]  

 
4

= ,
ln(330 / )

s
B BKTk T




 (3) 

with the spin stiffness = 0.177s J . 

In Table 1, we present a list of several Cu-based materi-

als and their experimentally determined parameters, i.e., 

the intralayer coupling J , the zero-field ordering tempera-

ture LROT , the ratio /J J , the electronic g-factor, the ani-

sotropy field AH  (corresponding to a spin-flop anomaly), 

the saturation field satH , and the estimated easy-plane ani-

sotropy int . 

Metal-organic materials, in which the magnetic Cu2+ 

ions are embedded into a matrix of organic molecules, rep-

resent a pathway for realizing a 2DQHAF on a square lat-

tice with small exchange coupling / BJ k  of several K. By 

an appropriate choice of molecular ligands and counteri-

ons, the syntheses of several such materials were reported 

[24, 31–39, 42]. Often, pyrazine (pz = C4H4N2) molecules 

are used as ligands to link the Cu2+ ions in the magnetic qua-

si-2D layers. The canting of the pyrazine rings [43–45] and 

the choice of the counterions [46] determine the strength of 

the exchange interaction. For several Cu2+-based molecular 

materials, a magnetic phase diagram in applied magnetic 

fields was reported [24, 31, 36, 47, 48]. Therein, the mag-

netic properties were mostly investigated by thermody-

namic methods [24, 32, 36, 39, 42], thus missing local in-

formation about the magnetic correlations at low 

temperatures. 

As mentioned above, a 2D square-lattice spin-1/2 sys-

tem with XY anisotropy exhibits a topological transition at 

a finite temperature BKTT  [10, 30]. QMC results for the 

dependence of this BKT transition temperature on the ani-

sotropy parameter int  are presented as open symbols and 

solid or dashed lines in Fig. 1 [10, 30]. The black solid circles 

denote the experimentally obtained values of /B LROk T J  

versus int  for selected quasi-2D weakly anisotropic QHAFs 

[34, 39, 50]. Where possible, int  was determined by Eq. (5) 

from a characteristic minimum of the dc susceptibility at 

min co=T T , compare Table 1. For Cu(pz)2(ClO4)2 and 

Cu(pz)2(BF4)2, very similar values of int  were found from 

measurements of the field- and temperature-dependent 

magnetization. For [Cu(pz)2(HF2)](ClO4), the experimen-

tally determined value of int sat= /AH H  was used. 

[Cu(pz)2(4-phpy-O)2](ClO4) and [Cu(pz)2(pyO)2](ClO4) are 

very similar in their properties and composition. Hence, only 

the slightly better isolated second material is presented in 

Fig. 1. For [Cu(pz)2(HF2)](PF6) and [Cu(pz)2(pyO)2](PF6)2, an 

indirect estimate of int  using ESR and specific-heat meas-

urements from Refs. 24, 36 was used. 

For the inorganic compound Sr2CuO2Cl2, which is a 

well-known realization of the 2DQHAF model, the anisot-

ropy parameter, evaluated from the spin-dispersion analy-

sis [12, 51], is an order of magnitude larger than the esti-

mate 4
int sat= / =1.8 10AH H −  . However, the latter 

estimate of int  suffers from the uncertainty of satH . From 

the dc-susceptibility minimum at co 320T  K, reported 

in Ref. 50, 4
int = 9.9 10

−   was found by use of Eq. (5). 

Further, Sr2CuO2Cl2 hosts extremely well-isolated mag-

netic layers, with a ratio / = 0.176B LROk T J , from which 
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5/ = 2.4 10J J −   can be estimated [13, 34, 49, 50]. How-

ever, the antiferromagnetic intralayer coupling of 1450 K 

yields extremely large saturation fields, which prohibits 

experimental studies of field-induced effects on the spin 

correlations. 

In this context, the material [Cu(pz)2(2-HOpy)2](PF6)2 

(CuPOF in the following) is of particular interest. The 

values of J , LROT , /J J , the g-factor, the saturation field 

satH , and the anisotropy field AH , as well as the anisotropy 

parameter int  were determined by various experimental 

probes [31, 52, 53]. When comparing CuPOF with the other 

materials listed in Table 1, it can be characterized as an 

excellent realization of a quasi-2DQHAF with a small 

nearest-neighbor interaction of / = 6.8BJ k  K. 

3. Characteristic temperatures vs XY  anisotropy 

As shown in Fig. 1, for selected quasi-2D materials with 

a very weak interlayer interaction, such as Sr2CuO2Cl2 and 

[Cu(pz)2(pyO)2](PF6)2, the experimentally determined val-

ues of /B LROk T J  are very close to those of the QMC calcu-

lations of /B BKTk T J  for a weakly anisotropic 2DQHAF. 

This indicates that the critical spin correlations of the BKT 

transition and those underlying the formation of long-range 

order are closely related in these materials. Following 

Refs. 12 and 30, a comparison of the experimentally ob-

served spin-anisotropy crossover temperature coT  and the 

LRO transition temperature LROT  with QMC calculations 

of coT  and BKTT  for a weakly anisotropic square-lattice 

2DQHAF is presented in Fig. 2 for Sr2CuO2Cl2 and Cu-

POF. For both materials, excellent agreement is observed 

for the characteristic temperatures coT , BKTT , and LROT . 

The larger value of / = 0.203B LROk T J  for CuPOF, as 

compared to / = 0.176B LROk T J  for Sr2CuO2Cl2, is at-

tributed only to the comparatively stronger intrinsic spin 

anisotropy in CuPOF. Therefore, the magnetic layers in 

CuPOF are concluded to be similarly well isolated as in 

Sr2CuO2Cl2. 

Due to the very weak coupling of the magnetic layers in 

CuPOF, with 4/ 1.4 10J J −    the small entropy change 

expected at the transition at LROT  is beyond the experi-

mental resolution of thermodynamic probes [31, 54]. On 

the other hand, + SR is very sensitive to the local stag-

Table 1. Selected Cu2+-based quasi-2D spin-1/2 Heisenberg square-lattice antiferromagnets [24, 32–41]. The exchange interaction J, 

the ordering temperature TLRO, the g-factor (where available, both the in-plane and the out-of-plane components are listed), the anisotro-

py field HA, as well as the saturation field Hsat are presented. The ratio J /  J of the inter- to intralayer coupling is estimated using Eq. (2). 

The anisotropy parameter int is calculated from the dc susceptibility minimum at coT  using Eq. (5). Indirect estimates of int from (*)  

ESR [36], (**) specific heat [24], (†) and renormalization of the spin-wave dispersion analysis [12] are shown as well. 

 J/kB, K  TLRO, K kBTLRO/J J / J g-factor HA, T Hsat, T HA / Hsat int 

Cu(pz)2(ClO4)2 
18.1 4.21 0.232 5.610–4 2.25 

2.04 

0.28 51.1 5.510–3 4.610–3 

Cu(pz)2(BF4)2 15.3 3.8 0.248 1.110–3 – 0.25 43 5.810–3 6.210–3 

Cu(pz)2(ReO4)2 15.1 4.2 0.278 2.910–3 2.13 – 42.7 – – 

Cu(pz)2(H2O)2Cr2O7 4.7 < 1.6 < 0.34 1.310–2 2.13 – 13.3 – – 

[Cu(pz)2(NO3)](PF6) 10.8 3.05 0.282 3.310–3 – 710–3 30 2.310–4 1.210–2 

[Cu(pz)2(HF2)](BF4) 6.3 1.54 0.244 9.110–4 2.13 – 18.0 – – 

[Cu(pz)2(HF2)](ClO4) 
7.2 1.91 0.265 1.910–3 2.26 

2.07 

0.08 20.2 410–3 

 

– 

 

[Cu(pz)2(HF2)](PF6)  12.8 4.38 0.342 1.410–2 2.11 – 35.5 – 310–3 (*) 

[Cu(pz)2(HF2)](AsF6) 12.8 4.34 0.339 1.310–2 2.13 – 36.1 – – 

[Cu(pz)2(HF2)](SbF6) 13.3 4.31 0.324 9.410–3 2.14 – 37.6 – – 

[Cu(pz)2(4-phpy-O)2](ClO4) 
7.5 

  

1.63 

  

0.217 2.810–4 2.26 

2.04 

0.11 21.1 5.210–3 

  

– 

  

[Cu(pz)2(pyO)2](ClO4) 
7.7 1.70 0.220 3.310–4 2.26 0.11 21.9 510–3 – 

      2.04     

[Cu(pz)2(pyO)2](PF6)2 8.1 1.71 0.211 2.110–4 2.25 – 23.7 – 710–3 (**) 

    2.05     

[Cu(pz)2(2-HOpy)2](PF6)2 

( CuPOF) 

6.8 1.38(2)  0.203 1.410–4 2.29 0.36(4) 17.57 1.8510–2  0.910–2  

    2.07  19.5   

Sr2CuO2Cl2  1450 255 0.176 2.410–5 – 0.7  4000 1.810–4 1.410–3(†) 

La2CuO4  1600 320 0.200 1.210–4 – –  4500 – 210–4 
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gered magnetization, and was used to probe the transition 

to LRO at 1.38(2) K in CuPOF [31]. This transition occurs 

under the influence of the weak intrinsic easy-plane anisot-

ropy, which yields a temperature-driven crossover from 

isotropic to XY -type correlations at the crossover tempera-

ture co > LROT T . An applied magnetic field increases the 

effective XY  anisotropy, which manifests itself as a field-

dependent minimum of the uniform bulk susceptibility at 

min co=T T , as depicted in Fig. 3. 

4. XY  anisotropy and characteristic temperatures vs 

field 

A weak intrinsic anisotropy int  can be determined from, 

e.g., measurements of the temperature- and field-dependent 

magnetization [12, 30, 34, 39, 50, 56]. A qualitatively dif-

ferent behavior of the field-dependent magnetization for 

magnetic fields applied parallel and perpendicular to the 

easy plane is expected at temperatures below coT . At the 

anisotropy field ,AH  a step-like feature of the in-plane mag-

netization occurs. Accordingly, AH  represents a measure of 

the spin-anisotropy and int  can be evaluated as [57]: 

 int
sat

2
= = ,B A ASg H H

zJ H


  (4) 

where = 4z  is the coordination number for a square lattice. 

For CuPOF, = 0.36(1)AH  T, so that int sat= / =AH H
2=1.85(5) 10−  is obtained as an estimate of the intrinsic 

easy-plane anisotropy [31]. The intrinsic anisotropy, 

caused by the combination of crystal electric field effects 

and residual spin-orbit coupling of the Cu2+ ions, is compa-

rable for all metal-organic compounds in Table 1, resulting 

in similar values of the anisotropy fields AH  and compo-

nents of the electronic  g-factor. 

As mentioned above, at fields above ,AH  both the in- 

and out-of-plane dc susceptibility exhibit a broad minimum 

as a function of temperature. This anisotropic behavior can 

be understood in terms of the 2D Heisenberg model in the 

presence of a weak easy-plane anisotropy [12, 30, 34]. 

Fig. 1. Characteristic temperatures versus the anisotropy int . 

The open symbols denote QMC calculations of /B BKTk T J  for 

weakly-anisotropic 2DQHAFs from [10] (open squares) and [30] 

(open triangles). Solid and dashed lines denote fits to the QMC 

data by empirical formulas from Refs. 30 and 10, respectively. 

Full circles denote /B LROk T J  of several quasi-2DQHAF materi-

als with weak XY  anisotropy int  [34, 39, 50]. The full red stars 

represent /B LROk T J  of the material CuPOF versus estimates of 

the anisotropy parameter from the dc susceptibility and the ani-

sotropy field, respectively [31]. 

Fig. 2. Phase diagram for weakly anisotropic 2D spin-1/2 square-

lattice Heisenberg antiferromagnets from Refs. 12, 30. The calcu-

lated BKT transition and spin-anisotropy crossover temperatures 

/B BKTk T J  and co /Bk T J , respectively, are presented as open up 

and down triangles. The temperatures co /Bk T J  and /B LROk T J  

for Sr2CuO2Cl2 and CuPOF are denoted by black circles and red 

stars, respectively. The dashed and solid lines are plots according 

to Eqs. (5) and (3), respectively.  

Fig. 3. (Color online) Molar dc susceptibility of single-crystalline 

CuPOF at different magnetic fields applied perpendicular to the 

crystallographic planes [31]. The black downward arrows indi-

cate the crossover temperature, as discussed in the text. 
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Cuccoli et al. reported an empirical formula for estimat-

ing the anisotropy parameter int  from the temperature 

of the minimum of the out-of-plane susceptibility at 

min co=T T  [12, 30]: 

 co

4
,

ln(160 / )

s
Bk T


=


 (5) 

with the spin stiffness = 0.214s J . For CuPOF, employ-

ing Eq. (5) with / = 6.8BJ k  K and co =1.86(5)T  K, we 

determine an anisotropy of 2
int = 0.9(2) 10

−  . 

In applied magnetic fields, a weakly-anisotropic quasi-

2D Heisenberg spin system is described by the Hamiltoni-

an (1). From analytical arguments [23, 58] and Monte Car-

lo simulations [20], it was established that, in the low-field 

regime, the 2DQHAF with int= = 0J    in uniform mag-

netic fields exhibits an XY -like phase below coT . Thus, the 

isotropic 2DQHAF in applied magnetic fields can be 

mapped to a 2DQHAF with a weak easy-plane anisotropy 

by defining an effective field-induced anisotropy parame-

ter fi . From comparing the QMC results of BKTT  for both 

these cases of the 2DQHAF, Cuccoli et al. [21] proposed a 

field-dependent anisotropy of the form 2
fi h  for the 

low-field regime, where = / ( )Bh g H JS  is the reduced 

magnetic field, with = 8h  at magnetic saturation. A com-

parison of the resulting characteristic temperatures is pre-

sented in Fig. 4. Here, the field-dependent temperatures 

coT  and BKTT  are presented as red stars and open circles, 

respectively. The black dashed line denotes the field de-

pendence according to 2( ) (4 / ) / ln( / )BKT st h J C h , 

where s  is the spin stiffness and C  a constant [21]. 

Further, in Fig. 4, coT  and BKTT  for the weakly aniso-

tropic 2DQHAF are plotted versus 1/2 , since 2
fi h . 

Here, the solid down triangles are the QMC results from 

Refs. 10, 59, the open up and down triangles are the results 

from Ref. 30. In the low-field regime, a very good agree-

ment between the QMC calculations for both cases of the 

2DQHAF is found for both coT  and BKTT . Thus, the effect 

of an increasing magnetic field applied to the isotropic 

2DQHAF yields very similar spin correlations as an in-

crease of the intrinsic easy-plane anisotropy in zero field. 

An isotropic 2DQHAF in applied magnetic fields can 

be described by a renormalized planar rotator model with 

progressively decreasing rotator length [21]. By means of a 

detailed finite-size scaling analysis, Cuccoli et al. [21] ver-

ified an XY -type anisotropy of the spin system with a sub-

sequent BKT transition for all magnetic fields up to the 

saturation field, regardless of the gradually reduced planar 

spin projection. Thus, the competing mechanisms of the 

field-induced XY  anisotropy and the progressive spin cant-

ing in field direction govern the field-dependent evolution 

of BKTT . 

5. Field-driven evolution of the staggered magnetization 

For a 2DQHAF in applied magnetic fields, upon cool-

ing from the paramagnetic regime, Heisenberg-type spin 

correlations develop below / BT J k , and cross over to a 

XY -type in the regime of coT . With further decreasing 

temperature, the spin correlation length   grows exponen-

tially approaching the BKT transition at BKTT . For BKTT T , 

a rather low density of vortices is expected [60]. Further-

more, whereas Skyrmion-type textures may develop be-

tween about / BJ k  and coT , the associated correlation 

length is rather short in this regime [53]. The exponential 

increase of   yields a rapid strengthening of the antiferro-

magnetic correlations in the XY  regime and, therefore, the 

staggered magnetization becomes nonzero in a finite-size 

system. With further increase of   upon lowering the tem-

perature, the magnetic correlations, due to the influence of 

the small but nonzero interlayer interaction 'J  on the re-

gions with large in-plane correlation lengths, can no longer 

be treated as 2D. Therefore, a transition to long-range or-

der occurs at LROT . 

In order to investigate the effect of the field-tuned XY  

anisotropy on the static spin correlations in CuPOF, we 

probed the evolution of the staggered magnetization. The 

linewidth of the 31P-NMR spectra, probing the local-field 

distribution at the 31P sites, provides a measure of the stag-

gered magnetization ( , , )xym    . The temperature-depen-

dent 31P-NMR linewidth  , recorded at 2 and 7 T, is 

presented in Fig. 5(a). The linewidth is normalized by the 

Fig. 4. (Color online) QMC results of coT  and BKTT  for a 

2DQHAF with (i) a field-induced anisotropy fi  and (ii) an in-

trinsic anisotropy int  [10, 12, 21, 30, 59]. Red stars and circles 

refer to the field-dependent temperatures coT  and BKTT  of the 

isotropic 2DQHAF [21]. Up and down triangles refer to coT  and 

BKTT  of the intrinsically anisotropic 2DQHAF from Ref. 30 (open 

symbols) and Refs. 10, 59 (solid symbols). The black solid lines 

denote the empirical expressions (5) and (3) for coT  and BKTT , 

respectively, in the weakly-anisotropic regime [12, 30]. The 

magnetic field and the anisotropy parameter   are shown on the 

bottom and top horizontal scale, respectively. The temperatures 

and magnetic fields are scaled with the parameters of CuPOF, 

i.e., / = 6.8BJ k  K and sat, =17.57(5)cH  T. 
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low-temperature limit, 0→ , as well as the x  axis by 

the onset temperature T  of a steeply increasing . 

This onset occurs close to LROT , which is determined as 

the maximum of the temperature-dependent 31P 11/T  rate 

at given field, compare Fig. 6. In a 2D XY  magnetic lat-

tice, the correlation length increases exponentially as 

2 exp(0.5 / / 1)DXY BKTT T   −  [2, 10]. In the presence 

of a finite interlayer coupling 'J , the transition to long-

range order is expected at 2 / 1J J  [61]. With an in-

plane correlation length of the order of 100 lattice spacings 

at LROT  and 4/ 1.4 10J J −   for CuPOF, the condition 

2 / 1J J  is satisfied, and LROT  may be interpreted as 

critical temperature cT  [53]. 

Closely below cT , the staggered magnetization 

( , , )xym     scales with the reduced temperature 

c= (1 / )T T −  as xym
  , where  may be interpreted as 

an effective critical exponent. Employing = 2.25cT T  K 

at 2 T and = 2.66cT T  K at 7 T, we plot the normalized 

31P linewidth as a function of the reduced temperature in 

a log-log plot, see Fig. 5(b). For the 7 T data, we find 

good agreement with the critical exponent 2 =DXY
2= 3 /128 0.23  of a finite-size 2D XY  model [62, 63]. 

Similar observations were made for other materials that 

realize a planar XY  lattice [17, 19, 64]. The same analysis 

was applied to data of the + SR precession frequency at 

zero field [31], using c =1.38(2)T  K, giving = 0.345 , 

which is in good agreement with the theoretical critical 

exponent 3 Heis = 0.3639(35)D  [65] of the 3D Heisenberg 

model, and, similarly well, with the critical exponent 

3 = 0.33DXY  [61] of the 3D XY  model. At 2 T, we find 

= 0.28 , which may be interpreted in terms of a crossover 

between the Heisenberg and XY  cases [66]. 

6. Field-driven evolution of the dynamic correlations 

The temperature-dependent 31P nuclear spin-lattice re-

laxation rate 11/T  for out-of-plane magnetic fields of 2, 7, 

and 16 T is presented in Fig. 6. At high temperatures, 11/T  

is almost temperature-independent, indicating predomi-

nantly paramagnetic fluctuations. At temperatures above the 

onset of LRO, 11/T  probes the dynamic correlation length   

[15, 16, 67–70]. As was shown from dynamical scaling ar-

guments [67], 11/T  is proportional to the transverse spin 

correlation length as 11/ zT − , where z  and  are char-

acteristic dynamic and critical exponents [15, 25, 67, 71]. 

In 2D magnetic lattices, the onset of short-range spin corre-

lations occurs at temperatures / BT J k  [54], with a corre-

lation length of about one magnetic-lattice constant [10, 72]. 

To probe the crossover at coT , we describe the 31P 11/T  rate 

Fig. 5. (Color online) (a) Normalized 31P-NMR linewidth  , 

recorded at 2 and 7 T, plotted versus the reduced temperature 

/T T . (b) Double-logarithmic plot of the staggered magnetiza-

tion ( , , )xym    , plotted versus the reduced temperature 

c= (1 / )T T − . At zero field, xym  is probed by the normalized +

SR precession frequency. At 2 and 7 T, xym  is probed by the 

normalized 31P-NMR resonance linewidth  . The black solid 

lines denote a power-law behavior according to xym
  . 

Fig. 6. (Color online) Temperature-dependent 31P nuclear spin-

lattice relaxation rate of CuPOF at 2, 7, and 16 T [53]. The 

downward triangles indicate the long-range ordering tempera-

ture LROT , determined as the rate maximum. For the data at 7 T, 

the dashed line indicates a fit with a 2D Heisenberg model be-

tween co 3.2T   K and / = 6.8BJ k  K. The red line indicates a fit 

with a 2D XY model between LROT  and coT . 
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above co 3.2T   K with a 2D Heisenberg model, according 

to ( )2 Heis exp 2 0.178 /D BJ k T     [65, 72–75]. In con-

trast, we describe the data between LROT  and coT  with a 2D 

XY  model, according to 2 exp(0.5 / / 1)DXY BKTT T   −  

[2, 10]. Clearly, this comparison shows the formation of 

2D XY  correlations below coT  as a stronger increase of the 

temperature-dependent 11/T  rate, compared to the increase 

according to the 2D Heisenberg model. A fit of 11/T  in the 

interval /LRO BT T J k   with the 2D XY  model yields 

=BKTT  1.708(14), 2.237(7), and 0.90(16) K for applied 

fields of 2, 7, and 16 T, respectively, with errors deter-

mined by bootstrapping [53]. The BKT transition itself is 

preempted by the LRO that arises from the 3D correla-

tions, stemming from the finite interlayer exchange inter-

action J . At LROT , a sharp maximum of 11/T  is observed 

for the two lower fields of 2 and 7 T. The amplitude of the 

11/T  maximum at 16 T, closely below the saturation field 

of 17.5 T, is substantially reduced in comparison. 

With similar reasoning, for the case of Sr2CuO2Cl2, it 

was argued that the LRO transition is induced by the incip-

ient intralayer BKT transition at BKT LROT T  [10, 12]. 

Moreover, a spin-anisotropy crossover at co 320T  K was 

detected in measurements of the correlation length by 

means of neutron scattering [55] and NMR [14]. This is a 

very similar scenario of a spin-anisotropy crossover from 

isotropic Heisenberg correlations at co>T T  to XY-like 

planar anisotropy at co<T T  as we found for CuPOF. 

7. Summary 

We presented an overview and classification of several 

copper-based quasi-2D spin-1/2 square-lattice materials. 

These provide the opportunity to study Berezinskii–

Kosterlitz–Thouless correlations, which emerge from a non-

zero XY  anisotropy. If the residual interlayer correlations are 

small enough, dynamic BKT correlations may be probed in 

the transition regime, whereas the completion of the genuine 

BKT transition is preempted by the onset of long-range order. 

In particular, we discussed the material CuPOF as a 

model case for a 2DQHAF with small exchange coupling 

J , for which the application of a magnetic field allows a 

controlled tuning of the spin correlations from the almost 

isotropic 2D Heisenberg to the highly-anisotropic 2D XY  

limit. As a consequence of the field-induced BKT-type 

spin correlations, a concomitant nonmonotonic behavior of 

the transition temperature LROT  is observed. The phenome-

nology in CuPOF is driven by field-induced Berezinskii–

Kosterlitz–Thouless physics under the influence of ex-

tremely small interplane interactions, thus providing an 

opportunity for systematic investigations of BKT-type top-

ological excitations. 
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Кореляції Березинського–Костерліца–Таулесса 

в квазі-2D спінових системах на основі міді 

(Огляд) 

D. Opherden, F. Bärtl, M. S. J. Tepaske, 

C. P. Landee, J. Wosnitza, H. Kühne 

Представлено огляд відібраних квазі-2D матеріалів із квад-

ратною граткою зі спіном 1/2 на основі міді та легкоплощинною 

анізотропією, що дає можливість вивчати виникнення коре-

ляцій Березинського–Костерліца–Таулесса (БKT). Зокрема, у 

таких матеріалах із порівняно невеликим обмінним зв’язком 

ефективна XY анізотропія низькотемпературних спінових 

кореляцій може контролюватися прикладенням магнітного 

поля, що призводить до систематичної еволюції кореляцій 

БKT. У випадках, коли залишкові міжшарові кореляції є досить 

малими, динамічні кореляції БKT у критичному режимі 

можна спостерігати експериментально, тоді як завершення 

справжнього переходу БKT попереджається виникненням 

дальнього порядку. 

Ключові слова: спін-1/2 квадратна ґратка, легкоплощинна 

анізотропія, дальній порядок,  БKT перехід, 

ядерний магнітний резонанс, XY модель, 

модель Гейзенберга.
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